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ABSTRACT
This paper studies certain models of irreducible admissible representations
of the split special orthogonal group SO(2n + 1) over a nonarchimedean
local field. If n = 1, these models were considered by Waldspurger. If
n = 2, they were considered by Novodvorsky and Piatetski-Shapiro, who
called them Bessel models. In the works of these authors, uniqueness of
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the models is established; in this paper functional equations and explicit
formulas for them are obtained. As a global application, the Bessel period
of the Eisenstein series on SO(2n + 1) formed with a cuspidal automorphic
representation 7 on GL(n) is computed—it is shown to be a product of L-
series. This generalizes work of Bocherer and Mizumoto for n = 2 and base
field Q, and puts it in a representation-theoretic context. In an appendix
by M. Furusawa, a new Rankin-Selberg integral is given for the standard
L-function on SO(2n + 1) x GL(n). The local analysis of the integral is
carried out using the formulas of the paper.

In this paper we will study certain models of irreducible admissible representa-
tions of the split special orthogonal group SO(2n+1) over a nonarchimedean local
field. If n = 1, these models were considered by Waldspurger [Wal,Wa2], and
arose in his profound studies of the Shimura correspondence. If n = 2, they were
considered by Novodvorsky and Piatetski-Shapiro [NP], who called them Bessel
models, and for general n they were studied by Novodvorsky [No|. In the works
cited, these authors established the uniqueness of these models; in this paper we
establish functional equations and explicit formulas for them. In general, these
models arise from a variety of Rankin—Selberg integrals (for example, those of
Andrianov [An], Furusawa {Ful], and Sugano [Su]), and the results of this paper
will naturally have applications to the study of L-functions. One such application
is presented in the appendix to this paper, by Furusawa, where a new Rankin—
Selberg integral is given for the standard L-functions on SO(2n + 1) x GL(n).
Moreover, these models arise in the study of the theta correspondence between
SO(2n + 1) and the double cover of Sp(2n), and they will therefore be of impor-
tance in generalizing the work of Waldspurger (see Furusawa [Fu2]).

In the final Section, we present a global application of the explicit formulas:
we consider the Eisenstein series (6.1) on SO(2n + 1) formed with a cuspidal
automorphic representation 7 on GL(n), and we show that its Bessel period

(6.2) is essentially a product of L-series
L(n(s —1/2) +1/2,7) L(n{s — 1/2) + 1/2,7 ® ),

where 7 is a quadratic character. This result generalizes work for n = 2 and
base field Q of Mizumoto [Mi] and Bocherer [B6], and puts it in a representation-
theoretic context.
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This global application is closely related to the results of Bump, Friedberg,
and Hoffstein (BFH2]. That paper computes the spherical Whittaker functions
on the metaplectic double cover of Sp(2n}. (Whittaker models on that group are
also unique.) The computation in [BFH2] has the following consequence: if one
forms the metaplectic Eisenstein series on the double cover of GSp(2n) with a
cuspidal automorphic representation = of GL(n) (which is possible because the
cover splits over GL(n) C Sp(2n)), the Whittaker coefficients of this Eisenstein
series are quadratic twists of the standard L-function of w. The close relation
between these two computations is a reflection of the following result of Furu-
sawa [Fu2|, generalizing the case n = 2 in Piatetski-Shapiro and Soudry [PS]:
the (special) Bessel coefficient of a cusp form on SO(2n + 1) essentially agrees
with the Whittaker coefficient of the theta lift on the double cover of Sp(2n). If
instead of a cusp form one considers the Eisenstein series (6.1), the theta corre-
spondent on the metaplectic group is the metaplectic Eisenstein series, and our
calculation implies that this result of Furusawa for cusp forms is true for these

Eisenstein series also. (Our calculation of the Bessel period is in fact direct and
independent of [Fu2].)

These results should have an application to the nonvanishing of L-functions
under quadratic twists. Namely, there are Rankin—Selberg integrals on the double
cover of GSp(6) ([BG]) and on SO(7) (|Gi]) unfolding to Dirichlet series involving
the Whittaker (resp. Bessel) periods described above, that is, to Dirichlet series
whose individual coefficients are the quadratic twists of a standard GL(3) L-
series. (The two constructions give Dirichlet series whose individual coefficients
are Euler products which agree at almost all places.) Arguing as in [BFH1],
one should be able to show that an infinite number of these quadratic twists are
nonzero. In fact, these integrals are the next members of a series beginning with
Siegel’s calculation of the Mellin transform of a metaplectic GL(2) Eisenstein
series and including integrals of Hecke type on the double cover of GSp(4) (due
in a nonmetaplectic context to Novodvorsky; see [BFH1]) and on SO(5) (due to
Maass). The elucidation of this scenario owes much to discussions with Duke,
Ginzburg, Goldfeld, and Hoffstein. In particular, the verification that our results
could be applied to the evaluation of (6.2) was first worked out in conversation

with Ginzburg.
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1. Notations and statement of results

Let F be a nonarchimedean local field of characteristic different from 2. Let
O denote the ring of integers of F, w denote a local uniformizer, ¢ denote the
cardinality of the residue field O/wO, and | |r denote the absolute value on F,
normalized so that |@|r = ¢~ 1.

We begin by describing our results on the Waldspurger model. Let G, =
GL(2,F), and let T, be a maximal torus in G3. Then T; is the connected
component of the identity in a group of orthogonal similitudes of degree two
corresponding to some quadratic form. If (mg,V,) is an irreducible admissible
representation of Ga, and if 0: To{F) — C is a character, then there exists at
most one linear functional W: V,, — C (up to scalar multiplication) such that

(1.1) W(ma(t)v) = o(t) W(v)

for all t € Ty and v € V,,. This is proved when ¢ = 1 in Waldspurger [Wal],
Proposition 9’, and the proof in the general case is identical (as pointed out
in [Wa2], Lemme 8). In order for such a functional to exist, since T2 contains
the center Zy of G4, it is necessary that the restriction of ¢ to Zs match the
central character of m3. We will call a functional satisfying (1.1) a Waldspurger
functional. The Waldspurger model for 7, will be the space of all functions
of the form g — W(ma(g)v) with v € V,.

First let us consider the case where T = T3 is nonsplit. We will limit ourselves
to the case where T has the form

(12) {(& ¥ -rerol,

where € € O is a nonsquare. In this case, let T3(0) = T2 N GL(2,0). We will
further assume that o is trivial on T2(0O). Since T is generated by T5(0) and
by the center of G3, on which ¢ is to agree with the central character of s, it
follows that ¢ is uniquely determined by these conditions. (We note that if T3
and o are obtained by localizing global data then these conditions will be satisfied
locally almost everywhere at places where the global quadratic form defining T,
is nonsplit.)

Suppose that 73 is in the unramified principal series. Then the contragredi-
ent representation of m; is also spherical, and the GL(2, O)-fixed vector in the

contragredient representation is clearly T2{O)-invariant. Since it also has the
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correct transformation property with respect to the center of Gs, it is thus a
Waldspurger functional. Thus if ¢ is the spherical vector in V,, the function
g — W(my(g)¢) is the spherical function for 75, which is given by the Macdonald
formula (see [Cal)).

One of our results will be a formula analogous to the Macdonald formula for
the split Waldspurger functional. Thus let 7, = T5 be a split torus of Ga.
Specifically, we may take T3 to be the group of diagonal matrices in G; also, let
B be the Borel subgroup consisting of upper triangular matrices in Gs.

Let us construct a Waldspurger functional for the unramified principal series.
Let &1, & be unramified quasicharacters of F*, and let £ be the character of B,
given by

(1.3 e((* 3)) -awa.

Suppose 7, = Ind(£) (we also write w3 = Ind(&,&2)) is the representation
obtained by normalized induction from the character £&. Thus V;, consists of
the complex-valued locally constant functions f on G2 such that

(1.4) f(bg) = £(8) 58 £(g)

for all b € By, g € G2, where J§p, is the modular character of By, and 7 is the
right regular representation.

Let o be an unramified quasicharacter of F¥. Extend o to T3 (we use the same
letter) by the formula o (( ab b )) = o(a) £1£2(b). Then a Waldspurger functional
on Vp, is defined as follows. Suppose f € V,,. Let

v [ (0 D)(0 1)) e
(L5) Za\T3

[H(E DG DG D) e

The Haar measure on F'* is normalized so that the measure of O* is 1. Suppose
that &;(w) = v for i = 1,2, and that o{w) = 7. As we shall show in Section 2
below, the integral (1.5) is absolutely convergent in the region

(16) e <@, rtr] < g2
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For these representations, (1.1) holds.
Let ¢¢ be the K, = GL(2, O)-fixed vector in V., such that ¢¢(I3) = 1. Define
a function Wa¢: G2 — C by the formula

Wae(g) = W(ma2(g)de).

This function is analogous to the Whittaker function obtained from the standard
Whittaker functional.

Our main result on the Waldspurger functional gives the analytic continuation
of the function Wa = Wag to the full space of unramified quasicharacters &;, &,
and o, and an explicit formula for its value. To describe this, note that

(L.7) Wag(tagnz) = o(t2) Wae(g)

for all t; € T3, k2 € K,. Hence it suffices to determine Wa, on a set of coset rep-
resentatives for the double cosets T5\G2/ K. Using the Iwasawa decomposition,

it follows that a set of coset representatives is given by the matrices

(1 1\ (=F 0
77k—01 01)

with k > 0. In Section 2 we shall prove

THEOREM 1.1: Suppose that (1.6) holds. Let

(1 —mr g V) (1 — 75 'rq~1/?)
1-mv'g?

Wae(g) = Wag(g)-

Then Wa is given by the formula

(1.8) Wag(me) = (1— ¢ 1) g7*/?x

k(1= 2 lg V) (1—97 rg7/?)
"N —1
1—’)'1 Y2

N x (1=n1 g7V (1—95 ' rq~1/3)
Y2 1— =1
MY

In particular, the function Wag, originally defined as an integral when the
inequalities (1.6) hold, has holomorphic continuation to all v1,7v2,7 € C*, and is

invariant under the interchange of v; and ;.

Note that if v; = 72, this must be interpreted correctly: both the numerator and
the denominator in (1.8) vanish, but their ratio is analytic, so the formula still

makes sense.
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We also address the analytic continuation of the Waldspurger functionals. Let
A be the domain of (71,72, 7) € (C¥)3 such that 7y, ! # ¢/? and 775 # ¢'/2.
We note that for fixed £; and &;, the space Ind(¢) may be identified with the space
C>((B; N K3)\K3) of locally constant functions on K, which are left invariant
by By N K,; indeed, such a function may be uniquely extended to a function on
G, satisfying (1.4), and every element of Ind(¢) arises uniquely from an element
of C*°((B; N K3)\K3) in this way. We shall also prove in Section 2:

THEOREM 1.2: Fix an element f € C®((B2NK2)\K2). For (11,72,7) satisfying
(1.6), f may be extended uniquely to an element of Ind(§), and the function
W(f) defined by (1.5) may thus be regarded as an analytic function of three
variables (1,72, 7). This function has analytic continuation to all of A, so the
domain of definition of W: Ind(¢) — C may be extended to all £ for which
the parameters are in A. If (y1,72,7) € A, then W defines a (possibly zero)
Waldspurger functional on Ind(£).

The analytic continuation assertion here can actually be deduced from Theo-
rem 1.1, since if £ is in general position then the representation y is irreducible,
and hence every element of Ind(£) is a linear combination of right translates of
the spherical vector. Thus there is some overlap between these two theorems.
In fact, however, we shall give a direct proof of Theorem 1.2, independent from
Theorem 1.1.

Next let us describe our results concerning the Bessel models. For r > 2 let

SO(r, F') denote the split group of determinant one orthogonal matrices
SO(r, F) = {g € SL(r, F) | (92, 9y) = (=,y) for all z,y € F"},

where ( , ) is the quadratic form

r
(z,y) = in Yr+1—i-
i=1

Let G = SO(2n + 1, F), and let U be the subgroup of G consisting of upper
triangular unipotent matrices whose center 3 x 3 block is the identity. An element
of U is of the form u = (u;;) with u;; = 0 for 4,5 = n,n+1,n+2 and i # j.
Let 1) be a character of F of conductor O. Given S = (a,b,¢c) € O such that
b% + 2ac # 0, define a character 85 of U by the formula

(1~9) 03(U) = "/)(UIZ ‘Uzt FUn—2n—1+AUp—1n +bun—1,n+1 +C'U'n—1,n+2)-



132 D. BUMP, S. FRIEDBERG AND M. FURUSAWA Isr. J. Math.

Let T be the subgroup of G consisting of the matrices of the form
In—l

g
In—l

which, acting by conjugation, stabilize fs. This constrains g to lie in a suitable
torus in SO(3). Thus T is a torus in G, which may be either split or nonsplit
over F, depending on S. Note that T normalizes U, and hence R: = TU is again
a subgroup of G. Let X be a character of T, and extend s to a character of R
by 8s(tu) = A(t) Os(u).

Let m: G — End(Vy) be an admissible representation of G. Then a Bessel
functional on 7 is a linear functional B: V; — C such that

(1.10) B(r(tu)v) = 0s(tu) B(v),

forallt € T,u € U,and v € V. Asshown by Novodvorsky [No], if 7 is irreducible
then the dimension of the space of such functionals is at most 1. Note also that,
in view of the isomorphism of SO(3, F) and PGL(2, F), a Bessel functional on
SO(3, F) may be identified with a Waldspurger functional.

One may similarly define a Bessel functional on the larger group of orthogonal
similitudes; however, since this group is the direct product of G with its center,
there is no gain in generality by doing so.

Once again we shall consider this notion for the unramified principal series. Let
X1,-.. ,Xn be unramified quasicharacters of F'*. We shall consider the principal

series representation of G

7 =Ind(x1,..- ,Xn)

In our notation, this will be the representation on space of locally constant func-
tions ¥ on G which satisfy

(1.11) U(bg) = 6/°(b) (HXi(yi)) - ¥(g)
i=1
for all
(yl *  * % % * *\
x % % x *
Yn * * * *
b= 1 = * *
yb ox *
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in the standard Borel subgroup B of G. Here

n
2n—2i+1
[+
i=1

is the modular character of Br. The group action is by right translation. Let

6g(b) =

F

us write o; = x;(w). I the o; are in general position then the isomorphism
class of this representation is invariant under permutations of the «;, as well as
transformations of the form a; +— of’. Also, let us write K for the standard
maximal compact subgroup SO(2n +1,0) of G.

We may construct a Bessel functional explicitly as follows. There are two
cases: T nonsplit, and T split. In the split case, we shall take A unramified, i.e.
identically one on TN K.

Suppose first that T is a nonsplit torus. We assume that ¢ € O*. Write T(O)
for the subgroup T'N K. For a permutation s in the symmetric group San41,
we shall also use s to denote the corresponding signed permutation matrix in
SL(2n + 1, F) (the matrix with sgn(s) in the (s(¢),¢) position and 0 elsewhere).
Let wy = (1,2n 4+ 1)(2,2n) - -- {n — 1,n + 3). Suppose ¥ € V.. Then we define

(1.12) B(¥) = / /\Il(wlut)Bs(u)—ldudt,

T(0) U

and this is a Bessel functional on V,. The integral is absolutely convergent if
the quasicharacters x; are in a suitable region. Indeed, since T(OQ) is compact,
comparing with the standard intertwining operator T,,, defined in Section 3 below
(see Lemma 3.1), one finds that if

(1.13) lo| < -+ < lon—1] < min(lan), oz ]),

then the integral (1.12) is absolutely convergent.
For the second case, suppose that T is instead split. We may suppose that
S =(0,1,0). Let us introduce the following notation. For z € F), let us write

n(z) for the unipotent matrix

In—l
1 z —z2/2
n(z) = 1 -z ,
1

In—l
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and for a € FX, let us write t{a) for the diagonal matrix in T given by

I'n.—l

t(a) = 1

The matrices t(a) give all of T. Also we write Aa) = A(t(a)), 8 = AMw). Let
wo = wi(n,n + 2) be (a representative for) the long element of the Wey! group
Q. Then for 7 as above, and ¥ € V.., we define

(1.14) B(¥) = //\Il(wo n(D) ut(a))8s(u)~ A7 (a) dud¥a.

Fx U
Then this is a Bessel functional on V,. Once again, the Haar measure on F'* is
normalized so that the measure of O* is 1. As we shall show in Section 3 below,

the integral (1.14) is absolutely convergent if
(115) Jeu| <+~ <|an-1} < min(lan|,lo; ")), |aa| < ¢"/*min(8},]877)).

Our first pair of results concerns the functional equations satisfied by B. We
shall show that, in both cases, the Bessel functional may be extended to all
characters x = (X1,..- ; Xa) Dy a variation of the familiar process whereby the
standard intertwining operators are analytically continued, and has a functional
equation under certain transformations of these characters x. More precisely, the
Weyl group 2 of G acts on the characters x = (x1,... , Xn), or what is the same

thing in the unramified case, on the parameters a;,... ,a,. In terms of these
parameters, § is the group of transformations of (o, ... ,0,) € (C*)" generated
by

(@1, s One1,an) & (a1, yQn-1,05 1),
and by the action of the symmetric group S, on (a,...,a,). The cardinality
of Q is 2™nl.

Let ®, € V; be the standard nonramified vector. This is the unique function
in V; taking value one on K. We define a function H = H,: G - C by

H(g) = B(n(g) ©)-

This function is once again analogous to the Whittaker function obtained from
the standard Whittaker functional.
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THEOREM 1.3: Suppose that T is nonsplit. Then the function H,, originally

defined as an integral when
len| < -+ < lan-1] < min(jan], joi '),

has a meromorphic continuation to all nonzero complex a1, ..., a,. Moreover

the function

Helg)= ] (1-cioig™) 711 - ciojlq™") ™" Hylg)

1<i<j<n

is invariant under the action of Q on the o;, and holomorphic for (ay,...,a,) €

(€)™

THEOREM 1.4: Suppose that T is split. Then the function H,, originally defined

as an integral when
loa| < -+ < |an-1] < min(janl, logl), o] < ¢'/2min(|6],1671)),

has a meromorphic continuation to all nonzero complex oy, ... , &, 8. Moreover

the function

n a1/ a1y
Hylg) = [Ty (1 - iBg™/2)(1 — asf~'q™1/2)

= = Hy(9)
H]Si<j§n(1 ~ o971 (1 - ;0 'q71) [[im.(1 - aZg™) X

is invariant under the action of Q on the ¢;, and holomorphic for (ay,...,a,) €
(C*)™ and B satisfying ¢~*/2 < min(|8],|8|™!).

The proofs of Theorems 1.3 and 1.4 are given in Section 3 below.
Our next pair of results gives an explicit formula for #,(g). As in the case of
the Waldspurger model (see (1.7)), since

(1.16) Hy(rgr) = 0s(r)H,(g)

for all r € R, k € K, it suffices to determine H on a set of coset representatives
for R\G/K. Let k = (ki,...,ks) be a vector of integers with k; > 0. If T is
nonsplit then one finds, using the Iwasawa and Cartan decompositions (compare
Sugano [Su|, Lemma 2-4), that a set of coset representatives for R\G/K is given
by the diagonal matrices of the form

. ! ! ' — ! —_ ! —bk!
di, = diag(w®», @wFn-1,... ,of LR, o R
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with
K,=ki+- - +k.
If T is split, then one finds instead that a set of coset representatives is given by
the matrices gy of the form
di, if k; =0,
9k = { n(l)dp if ky > 0.
For convenience, we write h(ky, ... ,k,) for the quantity H(dy) (resp. H(gr))-
From equation (1.16) it follows that H(g) = 0 unless 05 is identically one on
RN gKg~!. A short calculation shows that this implies that h(ky,- -+ ,k,) = 0
unless each k; > 0.
Let A be the alternator Ewen(—l)'ength(’”) w in the group algebra C[}]. Let
A = (-1)"A(e}a3™ ! - ay). According to Weyl’s identity for Sp(2n,C)

(1.17) Azﬁa{“"‘"(l—a?) [I 1-ea)(t-af?).
=1

1<i<j<n
Also let

1 n
=—§Z n —(1—1)2) k
i=1
Then the evaluation of h(ky,... , k) is given by
THEOREM 1.5: Suppose T' is nonsplit and k; > 0 for i =1 to n. Then

h(ky,... ko) =q*(1+q 1) A7? A( [Teatizi- afq‘l)) '

i=1
In particular, Hy (Isn+1) = 1.

THEOREM 1.6: Suppose T is split and k; > 0 for i =1 ton. Then
h‘(kla kz,..., kn) = qek(l — q—l)—l Al
n
) A(H anfii(1 = aifa (1~ a7 g 2’) .

i=1
In particular, the function H,, is holomorphic for all (ay,...,ay, ) € (C*)**1,
and HX (IZn+l) =1.

We note that if k; = 0, this may be written more simply as

(1.18) h(0, ks, .. ,,)= e A1

( "H . ""*‘(1—aiﬁq*“)(l—a,-ﬂ-‘q-’/z)>.
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These theorems are proved in Section 4 below.

Let us finally formulate the meromorphic continuation of the Bessel functional
to all values of x. We will formulate this result only in the split case; the nonsplit
case is nearly identical. Suppose that ¥ € C® ((B NKN\K ) Given x, there is a
unique extension ¥, of ¥ to an element of Ind(x) satisfying (1.11).

THEOREM 1.7: There exists a dense open subset ' of (C*)™*! such that there
exists a Bessel functional B on V for all (a4, ... ,a,, ) € T; if (1.15) is satisfied,
this functional agrees with that defined by (1.14); and if ¥ € C*({(BNK)\K ),
then B(¥,) is a meromorphic function of oy, ... ,on, 3, whose polar set is con-

tained in the complement of T.

As with Theorem 1.2, there is some overlap between this result and our previous
Theorems. We will prove Theorem 1.7 by means of a theorem of Bernstein [Be]
in Section 5. Actually Bernstein’s theorem implies that the complement of T

may be taken to be a countable union of hyperplanes.

In view of the isomorphism of SO(5, F') to the projective group of symplectic
similitudes PGSp(4, F), the theorems above imply the functional equation and
the explicit formula for the Bessel model on G4 := GSp(4). The Bessel model
on GSp(4, F) was first studied by Novodvorsky and Piatetski-Shapiro [NP]. A
formula for the generating series of this model was given by Sugano in [Su],

Proposition 2-5. To state the explicit formula, consider the group
. t 0 I2 _ 0 12 X
6i={occrwn |( y ¥)o=vta (S, ¥)maer).

Let S € M;(O) be a nonsingular symmetric matrix S = ( b72 bﬁ 2). Let Uy be

the unipotent radical of the Siegel parabolic

. (L X _t
U4—{u—<0 Iz) |X_X},

and let 85 be the character of Uy given by 8s{u) = ¢¥(tr(SX)). Let T be the

torus in G4 consisting of those matrices of the form

(g det(h(;‘h‘l)

which, acting by conjugation, stabilize fs; thus h € G4 is required to satisfy
thSh = det(h)S. Then T normalizes U, and hence R := TU is a subgroup of
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G4. Let A be a character of T, and once again extend s to a character of R by
Os(tu) = A1) Os(u).
If m is an admissible representation of G4, a Bessel functional on 7 is once

again a linear functional B: V; — C such that
B(n(tu)o) = 0s(tu) B(u),

forallt € T, u € U, and v € V. If 7 transforms by a central character, then
since T contains the center Z4 of G4, this notion requires that A |z, match this
character.

Let 7 = Ind()x) be the principal series representation obtained by normalized
induction from a character x of the standard Borel subgroup of G4. For x in a
suitable domain a Bessel functional may be obtained by integration as above. If
®, € V; is the standard nonramified vector, then define H = H,: G4 = C by
the formula H(g) = B(m(g)®y).

To describe the explicit formula for this function, define parameters a; to ay
by

X 1 =0y, X 1 = g,

The Weyl group {14 acts on these parameters through all permutations of the «;

which preserve the relation oja3 = azay. Let Ay be the alternator

Z (k 1)length(w) w

wel)y
in the group algebra C[24]. Observe moreover that the function H is completely
determined by its values on the elements

wk+2l

okt
Qg = 1
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with k,{ > 0 if T is nonsplit, and by its values on the elements

a0 ifl=0
by = .
m{l)ag,; otherwise

with kK, > 0 if T is split, where we set

11

Then we have

COROLLARY 1.8: Suppose that T is nonsplit and c € O*.

(1) The function H, may be defined by continuation for all unramified char-

acters x. Moreover the function
Hy(g) = (1 — a0y 'q™ ) "N (1 — azaz ™) " Hy(g)

is holomorphic and invariant under the action of Q.

(2) The function H,, is given by the explicit formula

Hx(ak,l) =

1+ q—l)—lq—Sk/2—2l A (

o5 adar (1 - mag'g™)(1 — eac'g ™))

T (3o )

valid for k,1 > 0.
In the split case, let us suppose without loss that a =¢ =0, b= 1. Let 81, 52
be the parameters
@ 1
131 = 1 ’ /62 =A
w 1
We are concerned with characters x such that ajaz = $182. Then we have
COROLLARY 1.9: Suppose that T is split.

(1) The function H, may be defined by continuation for all unramified char-

acters x, A such that x |z,= A |z,. Moreover the function

_ Hf,j:l(l - aiﬂflq_'l/z)
(1 -0z g 1)1~ era5'q7)(1 ~ azag g 1)(1 - @0y g7

Hy(9) H,(9)
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is holomorphic and invariant under the action of .
(2) The function H, is given by the explicit formula
Hy(bi) =

k _ —
1,—3k/2-21 4( 5T 2000 Ticyggjm o (1 — 035 ' 1/2))
(1-q¢7')" .
Ay (aZaz?)

q

valid for k,1 > 0.

2. The Waldspurger functional
We begin the study of the split Waldspurger functional with the following Lemma.

LEMMA 2.1: Suppose that the inequalities (1.6) hold. Then the integral (1.5) is
absolutely convergent.

Proof: Let f € Ind(£) be given. Since K, is compact, there is a number C such
that | f(k)| < C for all k € K,. One has the matrix identities

ST ee<,
ey (30) (0 1) (5 1)- E(l) ‘l)g an 11)) if|a|::
1 o ;

0 a

where the last matrix in each case is in K. Since f € Ind(£), one obtains the

inequalities
lf (( ) (1 1) <a 0))' J Clla@l iflalr <1,
A Clalz'|ez(a)|  if lalr > 1.
Thus one sees that the integral (1.5) is majorized by the sum of the integrals

/ 6(@)| ]~ (@) Jal? d*a

Ja|r<1

62(@) 1™ (a)laf7"/* d*a.
la|F>1
But when the inequalities (1.6) hold, each of these integrals is an absolutely

convergent geometric series. The Lemma follows. ]
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We turn to the proof of Theorem 1.1. The proof makes essential use of ideas
of Casselman and Shalika [CS], and of Banks [Ba).

Let us define certain elements of the representation 7 = m; = Ind(¢) as follows.
Let ¢¢ be the normalized K,-fixed vector, and for k > 0, let

e =[G D) )
womsls(* ()

/ w(“’k i)qﬁgdz:Fk—/w(wk ’i")qsfdz

O-wO w0

=Fk—q—11l'<w I)Fk_l.

Applying the Waldspurger functional W, and noting that

w(r (7 1))

depends only on the valuation of z, we see that

0-a e =ro) - [_ae(o(* 1) (7))

A simple change of variables shows that the second integral equals

q'lr(w 1) Fi-1(9),

and so applying the Waldspurger functional W, we obtain

We have

(2.3) (1 — g YW (&) = W(Fi) — ¢ W (Fr).

As in Casselman [Cal] and Casselman and Shalika [CS], the vectors Fj, are fixed
by the Iwahori subgroup B; of G2. We remind the reader of the Casselman basis
of the Iwahori fixed vectors of G5. Assuming that £ is regular, we define linear
functionals T, for w a Weyl group representative of G2 by (the continuations of)
the integrals

Twf= f(w—ln) dn,
NnwNw—I\N
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where N is the group of upper triangular unipotent matrices in Gz. Compare with
Lemma 3.1 below. These functionals are linearly independent on the Iwahori fixed
vectors, and the Casselman basis f,, is defined by T, f, = d(w, w’) (Kronecker
delta) for w and v’ in the Weyl group. If wy is (a representative of) the long
element of the Weyl group, then

pe(g) if g € BawoBy,
0 otherwise.

(24) fos) = {

The element f; is given by a more complicated formula, and we do not need to

know it. Since F}, is an Iwahori fixed vector, we can write

Fk = C(l’g) fl +c(wOaE) f‘wm

and by definition of the f,,, c(w,€) = T, Fi. It is easy to see (and proved in
Casselman and Shalika [CS]) that

(25) TiFe=g¢*?4f, TuF=(1-¢ 'mu)1-n%n") "¢ %
Thus

W(F) =W(f1) g 29 + 1= ¢ 'nia N =17 )7 g 2 ok W(fu,)-
Now using (2.3), we find that

Q=g HW(G&) = Q1 — g V2 YW (1) g% 4f
+ (=g V21 - ¢ DA =1 ) T T 2 A W (fu)-

We may compute W(f,,) explicitly. By definition this equals

Jutnl( ) () (7 0)) ot

and it follows from (2.4) that the integrand here equals

w0 ) ) ()

if |a|F > 1, zero otherwise. Thus

i = [ w((0 ) (M 1)(* 1))t
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If ja|r = g%, k > 0, then the integrand is readily evaluated using (2.1), and equals
%y kg=*/2. so, assuming (1.6), the last integral is absolutely convergent and
equals (1 — ¢g~*/274;')~1. Thus

(=g HW(G) =1 — ¢ V27 YW (f1) g /2 4%
+(A-g ')A - mrt) gk 24k

We have not yet proved the Theorem since we have not evaluated W(f;). Note
however that the Theorem will follow if we prove that Wa, is invariant under the
interchange of y; and ,; indeed, we may assume without loss of generality that
¢ is regular, so y; # 2. Then, because the two functions g~*/24¥ and q=*/2vk
of k are linearly independent, the unknown value of W(f;) will be determined.

We will show that Wag(1) = 1. This is sufficient: indeed, recalling Wald-
spurger’s theorem on the uniqueness of the model, there is a unique spherical
vector in this unique model which is normalized to equal 1 at g = 1. If Wag(1) =1
then clearly Wae must be this vector; then, since the isomorphism class of the
representation 7 = Ind(£) is unchanged when we interchange v, and vy;, Way is

thus invariant under this interchange. By definition

wr= [ (s ) )eoren

and in this integral, the integrand is constant when o has constant valuation.
(This is not true for Wag(ny), which is the reason for the somewhat elaborate
proof of this Theorem!) Once again applying (2.1), we find that the integrand
“k/2 if lajlp = ¢, k > 0, or 77F45¢F/? if k < 0. Assuming
(1.6) holds, it is then simple to sum the two geometric series and check that
Wag(l) =1.

This completes the proof of Theorem 1.1. ]

equals 7—Fykq

We turn now to the proof of Theorem 1.2. Fix an element f € C*° ((32 N
K3)\K3), and extend f to Ind(£). Then, since f is locally constant, it follows
from (2.1) that the integrand on the right in (1.5) equals

-1 0
o[} €1 (a)o~ (a) f( 0 1) if |a|F is sufficiently small;

0

RGOV

1
O) if |a|r is sufficiently large.
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Hence the integral (1.5) is equal to an integral over a compact set plus two
integrals giving geometric series, whose values have analytic continuation to the
region A. This gives the analytic continuation of W, and it only remains to be
seen that it represents a Waldspurger functional. Thus we must show that with
t € T5(F), W(na(t) f —o(t) f) = 0. It is clear that this is true when (1.6) is
satisfied, and that the left side is analytic, so this is true for all (y1,7v2,7) € A.
This completes the proof of Theorem 1.2. |

3. Proof of the analytic continuation and functional equation for the
Bessel model

In this Section we shall prove (most of) Theorems 1.3 and 1.4. The proof of
the continuation in the parameters a; and of the functional equation is based on
homomorphisms from GL(2, F) into G, similarly to Jacquet’s proof of the analytic
continuation and functional equation of the Whittaker functions on Chevalley
groups [Ja]. Jacquet’s method suffices to give most of the functional equations,
but an extra step is needed (different in the nonsplit and split cases). One
then applies Hartog’s theorem. At this point, we will have proved Theorems 1.3
and 1.4 except for one point, namely the meromorphic continuation in the split
case outside the region ¢~'/2 < min(|8|,|8|~!). This meromorphic continuation
follows from the explicit formula in Theorem 1.6, or from Theorem 1.7; so for
this minor point, the proof will be completed in subsequent sections.

Our proof will follow to the extent possible the notation and organization of
[BFG], where a similar method was used to study another unique functional.

First, we recall two well-known lemmas. To give the first, let w € Q be a Weyl
group element represented by the permutation matrix w (we shall frequently
abuse the notation and write w € 2). Let N denote the full subgroup of upper
triangular unipotent matrices in G. Given a character x as above, let ¥x be
the character satisfying “x(a) = x(w™'aw) for all diagonal @ € G. Define the
intertwining operator T,,: Ind(x) — Ind(*x) by the integral

(3.1) (Tu¥)(g) = / ¥(wng) dn,
No\N

where N, = N NwNw~1. Given an unramified character y as above, let a, be
the diagonal matrix in G

— -1 -1
o = (01,...,0n,1,0, ... ;a7 ").
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Order the roots of SO(2n + 1,C) so that N corresponds to the positive ones.
Then one has ([Ca2], Section 6.4)

LEMMA 3.1: The intertwining integral (3.1) is absolutely convergent if |r(a,)| <
1 for all positive roots T of SO(2n + 1,C) such that w(r) < 0. Moreover, Ty,
varies holomorphically with x and has meromorphic continuation to the space of

all unramified characters.

The second lemma concerns the G; = GL(2, F') Whittaker function. As in
Section 1, given two unramified quasicharacters £;, & of F*, £;{w) = ~;, define
a character £ of the standard Borel subgroup of G, by equation (1.3). Let my =
Ind(€) be the normalized induced representation of G,, and ¢, be the K,-fixed
vector such that ¢¢(I2) = 1. If |11| < |72, let Whe be the Whittaker function

(32) Whe(g) = F/ w((, 1) (* §)e) voras

Then one has

LEMMA 3.2:
(1) The Whittaker function Whe, originally defined by the integral (3.2) when

|v1] < |v2|, has a meromorphic continuation to all nonzero complex 1, 7ys.
Moreover, the function

Whe(g) = (1 — 7175 'q71) ™ Whe(g)

is holomorphic in (C*)? and is invariant under the interchange of v; and
Y2-

(2) Let vy = (1+¢€) max(|nl, |val), vz = (1+€) ™" min(jv1}, |v2), wheree > 0
is chosen so that | # v4. Define corresponding unramified quasicharac-
ters & for i = 1,2 by €i(w) = v|. Then

| Whe(g)| < |¢e(9)]

uniformly in g, where ¢¢: is the normalized K,-fixed vector in Ind(£1,£3).

Just as the continuation of the Waldspurger function Wa¢ is deduced from
its evaluation, Lemma 3.2 may be deduced from the explicit evaluation of the
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Whittaker function Whe. Assuming |y;| < |v2|, a computation shows that the

wk 0

integral (3.2) is zero if g = ( A 1) with k£ < 0, and is given by

k k+1 k+1
w0 —k/2 S T ¢ e

h = / 1-— [ S
W 5(( 0 1)) 1 =mv g7) p——

if k> 0. The Lemma then follows.

‘We give next a third Lemma, concerning the convergence of the integrals which
arise in the consideration of the split case. Let x be an unramified character as
above. We will be concerned with the following w € Q: w = wy and w =
(G,i+1)@2n—-j+1,2n—j+2)we for 1 < j < n—1. Let w be one of these
permutations, and factor w™! as w™! = w'~'(n,n + 2). Set U/, = U NwNw™ !,
where N is the unipotent radical opposite to N. Also, define the the complex

number « by the equation
X (w'—lt(w)w'> =a.

LEMMA 3.3:

(1) Letw=wgorw= (5,7 +1)(2n—j+1,2n—j+2)wo with1 < j <n-—1.
Then for ¥ € Ind(x), the integral

(3.3) / /\p(wﬂln(l)ut(a))xl(a) dud*a

Fx UL,
is absolutely convergent provided
ol < ¢*/* min(|8],16~")

and provided that the intertwining integral T, (¥) converges absolutely.
(2) Let w = (n — 1,n)(n+ 2,n + 3)wg. Then for ¥ € Ind(x), the integral
(3.3) is absolutely convergent provided

| < /2 min(|1,16711)

and provided that the intertwining integrals T,,(¥) and T, (¥) converge
absolutely.
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Proof: Suppose first that w = we or w = (4,5 + 1)(2n — 5 + 1,2n — j + 2)we
with 1 € j < n — 1. We may interchange u and t{a) in the above integral. We
have w—n(1)t(a) u = w' " (n,n + 2) n(1) t{a) u. A computation similar to (2.1)
shows that

t(a)n(a™") ka(a) if la|F <1,

t(a™!) k2(a) if jalp > 1,

(n,n+2)n(1)t(a) = {

with k1(a), k2(a) in K of the form

Since matrices of this form normalize U,,, we may move the k;(a) to the right
in the integral (3.3). Using the condition ¥ € Ind(x) and comparing with the
definition (3.1) of the intertwining operator T, (note that for these w, U, =
N,/\N), one sees that the integral (3.3) is absolutely bounded by the sum of the

two integrals

a4 ]\ (@) |l | (T ©) (k1 (a))| 4 @

la|p<1

and
lo =@ A=Y (0)] |al/* (T ¥) (52 (a)) | 4" a.
lalp>1
Since (T, WP)(g) is a locally constant function, it is absolutely bounded on K.
Hence both integrals are bounded by geometric series, which converge under the
hypotheses of the Lemma.
Suppose instead that w = (n —1,n)(n + 2,n + 3)wo. Consider first the contri-

bution from |a|r > 1. We have
win(l)ut(a) = wtu't(a)n(a™?),

and n(a~1) € K. Moving the t(a) to the left and using the condition ¥ € Ind(x),

and changing variables 4’ — u, this contribution is majorized by

|a|—-ord(a)|A——l(a)||a|;1/2l(Tw,ql)((n, n 4 Z)Tb(a_l))l d*a.

|a|F2>1



148 D. BUMP, S. FRIEDBERG AND M. FURUSAWA Isr. J. Math.

Here we have passed to Ty since Ny \N = (n,n + 2)U/,(n,n + 2). As above,
this integral converges provided T, (¥) does and provided |ag| < ¢'/2. We have
a = ap—1 for this choice of w.

Consider next the contribution from |ajr < 1. For notational convenience
we shall treat the case n = 2 (so G = SO(5,F), a@ = o4); the general case
then follows without difficulty by carrying out the computation presented in
the center 5 x 5 block, and using the convergence of the intertwining integral
Towo(n,n+2)(n—1,n+3) (¥) under the conditions of the Lemma.

First, a matrix calculation shows that

wn(1)t(a) = bw'won(2a)wy,

where b € B satisfies 6}13/2x(b) = 6}3/ 2x(w’"lt(a,)w'). Moving won(2a)wp € K
past u and using ¥ € Ind(x), one sees that the integral is majorized by

ol 32|l |x " (a) X
F

la|F<1
1 —(2ax+2d%) z+4+2ay y —z%/2
1 0 0 -y
/ | O (w' 1 0 —z—2ay | won(a)wo)|drdy.
e F 1 2az+2d%

1
To majorize the inner integral, one computes the Iwasawa decomposition of the
integrand. It is convenient to first make the variable changes z — z — ay and
then y — (y — z)/a. Then one sees that

1 —2az y (y—2z)/a —(2z-y)?/2 t1
1 0 0 —(y—12z)/a ta
w’ 1 0 —y = 1 nk
1 2azx t;l
1 ¢t

withn € N, k € K, and with
|t1]™! = max(1, jaz|F),
|tata| ™! = max(1, |az|, laz (%, |yl F, lazy|F, [yF)-

Since ¥ is absolutely bounded on K, the integral is thus majorized by

t
[2)
lal3/%|af A~ (a)]16 3 *x( 1 )| dz dy d*a.
-1
lalr<1,z,yEF t2 .
tl
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This may be evaluated by breaking into the three pieces (1) |a|r < 1, |az|r < 1;
(2) lalr < 1, |az|r > 1, |y|lF < laz|p; (3) la|lr < 1, 1 < |az|p < |y|r. The
integral over each subdomain is a geometric progression. The first converges for
la] < ¢*/2|B] and |ag| < 1, the second for |a| < ¢'/2|8] and |aas| < 1, the third
for |a| < ¢1/2|8], |acs] < 1 and |az| < 1. Comparing these conditions to those
for the convergence of T,, and T,,, one sees that the Lemma holds. |

This proof may also be rephrased by using the isomorphism of PGL(2, F') with
SO(3, F) to write the integral (3.3) as the Waldspurger integral of an intertwining
integral, and then applying Lemmas 2.1 and Lemma 3.1.

Observe that applying Lemma 3.3 with w = wy, so that v’ = wy, g =1 and
o = ay, one finds that the integral (1.14) is absolutely convergent in the region
(1.15), as claimed.

To prove Theorems 1.3 and 1.4 we now proceed in two stages. First, using the
standard functional equation for the GL(2) p-adic Whittaker function (Lemma
3.2), we shall establish functional equations under the transpositions (j,j + 1) €
2,1 < j <n— 1. The proofs of these results also give the analytic continuation
to certain unions of Weyl chambers properly larger than the original region of
convergence. Then, using Theorem 1.1 in the split case and the invariance of
the Ga-spherical function in Ind(£;,£2) under the interchange of £; and §; in the
nonsplit case, we obtain a functional equation for the Weyl group element taking
ay, to ;! and fixing the rest. Since these two elements generate 2, these steps
imply that H, is invariant under (2.

To obtain the functional equations under the transpositions (j,5+1), 1 < j <
n — 1, let ¢; be the embedding of GL(2, F) into G given by

Iy
det(g)~'g
g Ipn—2j-1 )
gﬂ
I
where gf = ("1 1) g (_l 1). Let w denote wp if T is split, and w; if T is
nonsplit. Let v; = (j,5 +1)(2rn —j +1,2n — j + 2), and factor w = vyv2. Let Bz
and U, be, as above, the subgroups of GL(2, F') consisting respectively of upper
triangular and of upper triangular unipotent matrices, and let B; and U; be the

subgroups of G given by
Bj=1(By), Uj=wvy t;({Us)va.
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For u; € Uj, write vau; = ¢j(d;)vo. Let U] and B} be the complementary
subgroups in U and B to U; and Bj, respectively, so that U = UjU]’- and B =
B;B; (uniquely). Note that v; and ¢;(Uz) normalize B} and fix &,| ;- Let
ueU,teT, a€ G Factor u = uuj, u; € Uj, v € Uj. Applying the
Iwasawa decomposition, for g € G, we may write voujtg = bib;k, with b; € By,
b; € B}, k € K (we suppress the dependence of b and b; on uj, t, and g from
the notation).

Suppose first that T' is nonsplit. Then with the above notation we have

wiutg = v1vau;u;tg
= v145(1;) vouitg

= ’Ultj(ﬁj) b;bjli

Since ®,, is right K-invariant, we may thus express H,(g) as the iterated integral
(3.4)

Hx(g) = / / /(I)X(Ulbj(ﬁj)bj)es(Uj)_l duj (I)X(b;) Hs(u;')“l du; dt.
T(O) U]f Uj

However for h € G, it follows from (1.11) that the function ¢: GL(2,F) — C
given by ¢(a) = @,(¢;(a)h) is in the space Ind(xj} 1", x; ' 1/ ~"), where p is
the quasicharacter of F* given by u(z) = |z|r. Accordingly the inner integral in
(3.4) is a constant multiple of the GL(2) Whittaker function associated to this
representation. Applying Lemma 3.2, we obtain the analytic continuation of the

function )

————Hx(9)
-1 __1x
1 —aja;1,q 1

to the region C; of (C*)" defined by the inequalities
(35) fou) <+ <laj-1| < min{jay), |e;41]) < max(Jaj], jejtal)
<lajie| <+ < |an-1] < min(jan|, loz )
if 1 < j < n—1, and defined by the inequalities
(3.6) || <ag] <+ < lap—z| < min(jan-1], |an]) < max(jan-1|,|an]) <1

if = n — 1, and the invariance of this function under (j,7 + 1) there. The
region C}; is obtained by replacing the inner integral by the estimate given in
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Lemma 3.2, part (2), and comparing with the intertwining operator T -1, whose
2

convergence is given in Lemma 3.1. The difference in inequalities is due to this

comparison; note that for 1 < j < n — 1, v, is a product of transpositions

(L2n+1)--- (G -1L,2n-j+3)(G,2n—j+ DG+ 1L,2n-j+2)(j+2,2n—j)-- (n—1,n+3),
while for 7 = n — 1, vs includes a four-cycle
(L,2n+1)---(n—=2,n+4)(n—-1,n+2,n+ 3,n).

Also, let us remark that if 1 < j < n — 1, then the region C; properly contains
the original region of convergence Cjy, while if j = n — 1, Hartog’s theorem gives
at once the analytic continuation of H, to Cp U Cp_;.
Suppose now that T is split. Let u, u;, u;-, i; be as above; note that U; =
t;(Uz). We have
won(ut{a) = vlvzuj(ujfln(l)uj)u;-t(a)
= v105(t; vz (u] ' n(1)u;)ujt(a).

1z
1

n(1)u] with uj € U] and s(u;) "' 0s(u}) = ¢(—z). Using the Iwasawa decom-
position, write Ugn(l) t(a)g = bb;k, with b; € Bj, b; € B}, x € K (once again

Moreover, for u; = u;(x) 1= ¢; (( )), a calculation shows that u;ln(l)uj =

we suppress from the notation the dependence of b; and b; on ul, t(a), and g).
Then the integral (1.14) representing H,(g) becomes

// / (v1uj(~2)bj) Y(=2) dz | x(b;) Os(uf) ™' A"} (a) dud”a.

Fx U’

The inner integral is once again a GL(2) Whittaker function. Applying Lemma
3.2, we obtain the analytic continuation of the function

1

1 (g)’
— 1 X

to the region C7 of (C*)" defined by requiring the inequalities (3.5) and in
addition the inequality

lon| < ¢/ min(]B], 167))
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if 1 < j <n—1, and defined by requiring the inequalities (3.6) and in addition
the inequality

min(|an_1, lem]) < ¢*/* min(}B],187*])

if j = n—1. We also obtain the invariance of this function under {3, +1) there.
The region C';. is obtained by replacing the inner integral by the estimate given
in Lemma 3.2, part (2), and applying Lemma 3.3. For later use, we denote the
original region of convergence given by (1.15) as Cj.

It remains to obtain the functional equation under the interchange o, <> o,
To obtain this, let ¢, denote the homomorphism of GL(2, F) into G given by

(2 9)-

(ad ~ be) I,
1 a? ab  —b%/2
2ac ad+bc —bd
ad — be -2¢2  —2cd d?

{ad — be)I,—q

Consider first the case that T is nonsplit. Since w; fixes T', the integral (1.12)
representing H, (g) is expressed as an iterated integral

(3.8) H,(9) =/ / @, (twyug) dt| 0s(u)~! du.

U |r(o)

Now for h € G, the function ¢: GL(2,F) — C given by ¢(a) = P, (tn(a)h)
is in the space Ind(xn,x;'). Recalling that ¢, gives the isomorphism between
PGLy(F) and SO(3, F), one sees that the inner integral in (3.8) is a multiple of
the nonsplit Waldspurger functional on PGLy(F), evaluated on a suitable right-
translate of the spherical vector in this induced space. As explained in Section 1,
it is thus a multiple of the spherical function in Ind(xn,Xx;!). By the invariance
of this spherical function under the interchange of x,, and x; !, we conclude that
H,(g) is invariant under oy, + o;;! in the domain (1.13).

Consider instead the case that T is split. Factor wg = wyws with wy =
(n,n + 2). In this case the integral (1.14) is an iterated integral of the form

Hx(g)=/[/l1>x(w2n(1)t(a)w1 ug) A (a)d*a| 0s(u)! du.

U LFx
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Once again using the homomorphism ¢,, one sees that the inner integral is a
multiple of the split Waldspurger functional computed in Section 2, applied to
a function in Ind(x,, x;!). Note that this integral is absolutely convergent pro-
vided |an| < ¢*/? min(|8],]671|). Applying Theorem 1.1 and arguing as above,
we obtain the invariance of the function
(1~ anfg™ /%) (1 - anff~1q™1/?)
(1-oig™)

under a, ¢+ a;! in the domain (1.15).

Hx(g)a

To complete the proof of Theorem 1.3, let C be the set of & = (ay,... ,a,) €
(C*)™ such that at most one of the equalities |ai| = |o;], 1 £ i < j < n, and
loi| = lej}™1, 1 <4 < j < n, is satisfied. It may be deduced from Hartog’s
theorem that any analytic function on C can be extended to an analytic function
on (C*)", and so it is sufficient to extend the function H,(a) to the domain C in
such a way that the corresponding functional equations are satisfied on C. Now if
a € C, then there is an w € § such that wa is in Cy, for some k, 0 < k < n—1. We
then define 7, (a) to equal Huy (a). This is well defined by the above discussion.
It is apparent that this extends H, (a) to an analytic function of C satisfying
the corresponding functional equations, as required. This completes the proof of
Theorem 1.3. |

The proof of Theorem 1.4 is similar. Suppose first that A is chosen so that
q~'/% < min(}g], [8]~"). Then using the regions C} in place of C;, the argument
in the paragraph above gives the analytic continuation of #, to a € (C*)", and
the functional equation there. This completes the proof of Theorem 1.4, except,
as we have noted, for the point of the meromorphic continuation to all o; and
B, and this point is a consequence of the explicit formula in Theorem 1.6 or of
Theorem 1.7. |

4. Explicit formulas for the Bessel model

The evaluation of the Bessel model given in Theorems 1.5 and 1.6 is obtained
by applying the method of Casselman and Shalika [Cal], [CS]. This method was
also used in Section 2. A similar evaluation is carried out [BFG]; however, the
particulars are different in the case at hand, and the cases T nonsplit and T split
are once again different from each other. Throughout the proofs we shall assume
that x is regular, i.e. “x # x for all nonidentity w € Q. The general case then
follows from the analytic continuation given in Theorems 1.3 and 1.4.
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Let B be the Iwahori subgroup of K, consisting of integral matrices which
are upper triangular invertible modwQ. It follows from the Iwasawa decompo-
sition of G and the Bruhat decomposition over O/w® that the space of right-
Iwahori-fixed vectors Ind(x)? is |Q2|-dimensional; moreover, a basis is given by
the functions ¢,, defined by

o, (b) ifw=uw',
0 otherwise,

¢u(bw' 1by) = {

where b € B, w € §, by € B (note that this differs from Casselman’s notation in
[Cal], but is consistent with [BFG]).

If x is regular, then it is shown in [Cal], Section 3, that the linear functionals
on Ind(x)® given by f = (T f)(Iant1) are linearly independent. Here T, is
the intertwining operator defined in (3.1). Let f,, w € £, be the dual basis,

characterized by
1 ifw=w,

(Twfuw)Tzns1) = {

0 otherwise.

Suppose first that 7' is nonsplit. Let d = di be as given in Section 1, and
suppose that all k; > 0. Let Fy be the function

Fy(g9) = / /@X(gutd)dudt.
T{0) UNK

Clearly F; € Ind(x). We will show that Fy is right Iwahori invariant; then we

may write

(4.) Fa(g) = ) R(d,w;X) fu-

we

To prove the Iwahori invariance of Fy, let us denote by ¥ the group of elements
of K which are upper triangular modulo w, and whose middle 3 x 3 block is
congruent to the identity modulo w. We will prove first the invariance of Fy by
the group T(O) X. This group admits an “Iwahori factorization” as a product

UNnK)T(0) T, U'(w),

where Ty, is the group of diagonal matrices in ¥, and U’(w) is the group of lower
triangular matrices in ¥ whose middle 3 x 3 block is the identity. Normalizing



Vol. 102, 1997 WALDSPURGER AND BESSEL MODELS 155

the Haar measure on each compact group so that the volume of the group is one,

/ o, (gkd) dk = / / / / &, (guthvd) dv dh du dt.

T(O)E T(0) UNK Tp U (w)

we have

The left side is clearly T(Q) Z-invariant. On the right side, d~*hvd € K, so we
may omit A and v from the integration. Thus this expression equals Fy(g). This
proves that Fy is invariant under 7(O) £. We have

(4.2) Fa(bgo) = (55 *x)(b)Fa(g)

when b € B(F) and ¢ € T(O)X. We will deduce invariance by the group
tn(K2) ¥ (which contains the Iwahori subgroup) from the fact that the canonical

map
(4.3) B\G/T(O)E = B\G/tn(K2)T

is a bijection. To see this, we note that since ¢,(K>2)X contains the Iwahori
subgroup, every double coset in B\G/t,(K2)Z contains a Weyl group element
w; so what we must show is that BwT(O)E = Buwt,(K2)EX. We consider an
element bwi,(k)o of the right side, where b € B, k € K; and 0 € £. We
can write k = gttt = Bt~ where t* are in T$(O), B+ is upper triangular
and 8~ is lower triangular. Then one of wi,(6%)w™! is upper triangular, so
bwin(k)o = bwi,(t+)o where b’ = bwi, (8% )w ™}, which shows that this element
lies in BwT'(O)X. Thus (4.3) is a bijection. We may now prove the Iwahori
invariance of Fy. If g € G and ¢ € 1,,(K3)X, we write go = bgo’ with b € B and
o' € T(0)Z. We note that b is conjugate to o0’ € K, and so the eigenvalues
of b are units, and x(b) = 1. It thus follows from (4.2) that Fy(go) = Fy(bgo') =
Fu(g)-
Let us compute the coefficient R(d,w; ). It equals

(TwFa)(lant+1) = / / /@x(w_lnutd)dudtdn
Ny \N T(0) UNK
= /Tw(Qx)(td)dt.
T(0)
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However, let & denote the set of positive roots of SO(2n +1,C), and if r € &7,
let v, be the corresponding embedding of SL{2, F) into G, and

w
wme(® )
Then it is shown in [Cal], Theorem 3.1, that

Tw(q)x) = Cw(X) <I"“)<1

where ®uw, is the standard nonramified vector in Ind(*x), and the coefficient

cw(X) is given by

(@) wio= T (A1),

redt 1= X(ar)
w(r)<o
We find that
R(dyw, X) = Cy (X) O'wx(d),
where

ouy(d) = / Py (td) dt.
T(0)
Let ¢, be the homomorphism from GL(2, F') into G given by equation (3.7).
Factor d = d’t,(d"”) (all these matrices depending on the k;) with

. ’ 7 - 7 - r
d' = diag(@w®=,... ,w",1,1,1,w7%,... ;%)

k1
g1 § W
r=(=" ).

ruld) = @) [ Brltin(@) .
T(O)

Then one sees that

Now if
w(Xl)"' }Xn) = (X;, 7X:1,)9

then the function g — ®wy (tn(g)) lies in the induced space Ind(x5,, X2 ™Y). Recall-
ing that ¢, identifies PGL(2, F) with SO(3, F) and applying the analysis of the
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nonsplit Waldspurger functional in Section 1, one concludes that this last integral
is equal to the spherical function on GL(2, F) in this induced space, evaluated at
d". This value is given by the Macdonald formula (see [Cal]). Substituting this

formula, we obtain

(4.5) ou(d)=(1+q¢7 ") g™ HX:.+1—i(wk€)
1=2

o (@) — Xo” (@)™ xn(@)* ~ (6 ” (@) ~ xa(@)g ) xnl@)H
Xo(@) = X7 ()

This completes the evaluation of R(d, w; x).
If f € Ind(x) with x dominant, let

L(f) = / F(w1) 05 (w)~" da.
U

This integral converges absolutely by comparison with T, (f). Then, by (1.12)
and (4.1), we have

(46) Hy(d) = L(Fs) = ) R(d,w; X) L(fu).
weN
It is clear from this formula and our evaluation of R(d,w;x) that h(k,... , k)

is a linear combination of functions of the a; which lie in exactly one Q-orbit.
To complete the proof of Theorem 1.5, we shall compute the full contribution to
h{ki,... ,kn) of the terms on the right of (4.6) with w = wy, w = w;. By the
computation of R{d,w;x) given above, no other w € Q contributes a rational
function of the form
alkn gk

times a function independent of the k;. Hence, by Theorem 1.3, we will have
computed one piece of the Q-orbit, and the final formula is then the Q-symmetric
sum of these terms, taking into account the normalizing factor in the functional
equation of Theorem 1.3.

To compute the contribution of the w = wp,w; terms to (4.6), we need the
following lemma relating the two bases for the Iwahori fixed vectors, {¢,,} and

{fu}-
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LEMMA 4.1:

(1) ¢wo :fwo- s
2 ¢w1 = fw1 + U_"‘l__)‘_’nfwo'

o2
1-aZ

Proof: For w' € 2 we may write
(4.7) $u(9) = Y ex(w,0') fu(g),
wEeR

where the coefficients ¢, are given by

ex(w,w') = Ty (dw ) (Lznt1)

= / b (wIn) dn.
Ny \N

This integral is zero unless w™'n € Bw'~'B for some n € N, \N. If w’ = wy,
it is easy to see that this may happen only for w = wy and n € N N K; part
(1) follows. Similarly, if w’ = wy, then ¢, (w,w’) = 0 unless w = wp or w = wy,
and ¢, (wy,w1) = 1. Finally, to determine c, (w1, wo), it suffices to take g in
(4.7) to be of the form t,(g’), with ¢’ € GL(2, F). In that case the ¢,, and
fuw, necessarily match the analogously defined GL(2) functions in Ind(xn, x5}),
and the determination of this coefficient follows from the analogous statement on
GL(2, F), which is equivalent to (2.5).

To prove the remaining parts of the Lemma, it suffices to show that

(4.8) L(¢wo) =0, L(d’wl) =1

However, for w € (2,

L(d) = / b (w1) 05 (w) ™ du.
U

A matrix calculation shows that wyu € Bw™'B is impossible if w = wy, and
holds when w = w if and only if w € U N K. Thus (4.8) holds. |

Combining (4.6), Lemma 4.1, and the evaluation of R(d, w; x), one finds that

(4.9) Hy(d) = cw, (X) owiy(d) + Z R(d, w; x) L(fuw)-

wERwHWe,w
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The final value for H,(d) may now be obtained by taking the first term on the
right hand side of (4.9), multiplying by the normalizing factor in the functional
equation of Theorem 1.3, and symmetrizing with respect to the action of Q on

the parameters a;. To do this, observe that (4.4) gives

- o0;q” ) (1 — ooy g — n2q-1
(4.10) ¢y, (X)) = H (1 ¢ ) 7 9) H 1-ofq

-1 A2
1<i<j<n (1 - ij)(1 — ™) 1<i<n 1-0;

Substituting this formula and (4.5) into (4.9) and making use of Weyl’s identity
(1.17), the explicit formula follows.
This completes the proof of Theorem 1.5. 1

We turn to the proof of Theorem 1.6. Suppose that T is split, so that the Bessel
functional B is given by equation (1.14). Recall that N denotes the unipotent
radical of the standard Borel subgroup of G. Let N(O) = NN K. Given k =
(k1,...,kn) with all k; > 0, define

Pr(g9) = / @, (gndg) dn.
N{O)

Then using (4.3), an argument similar to the one given there demonstrates that
Pi, € Ind(x)B.

Though we will ultimately use the Casselman—-Shalika method, we first estab-
lish the following Lemma, which implies that the determination of h(ky,... ,kn)
follows from the determination of the quantities B(P;). For convenience, let us
set

H(k) := Hy(gr)  B(k) := Bx(Fx).

Then we have

LEMMA 4.2: Let k= (ky,... ,k,) with all k; > 0.
(1) Suppose k; = 0. Then H(k) = B(k).
(2) Suppose k; > 0. Then

H(k)y=(1—q ") (B(k) — ¢ 'BB(k1 — 1,ka + L, k3, ... , ks)).

Proof: Comparing the definitions,

B(k) = /B(7r (n(z)dy) D) du.

¢}
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A matrix calculation shows that if z € O, then n(z)d, equals
{ dy n(w=*1z) if z € wh O,
t(z) n(1) diy —m, ks +m ks, .. ko H@™T L) if 2 € @™OX, 0< M < k.

If z € wF O then n(w™*1z) € K; moreover ®, is K-fixed. Factoring

di = t(@@*) do ky 4k ks i

and using property (1.10), one thus obtains

/ B (m (n(z)dy) ®,) dz = ¢ B* H(0, k1 + ko, k3, ... , k).
wk1 O
Similarly if £ € @™OX, then t(w™z~!) € K. Arguing similarly, one then finds
that

(4.11) B(k) = q ¥ " H(0, k1 + ka, k3, ... , kn)
ki—1
+(1=q7") > g™ H(ky —m, ky + m ks, k).

m=0

If k1 = 0, Lemma 4.2, part (1), follows at once from (4.11). For ky > 0, equation
(4.11) also implies that

(4.12) ¢ 'BB(ky — 1,ko + 1,ka,... ko) = ¢ " B H(0,ky + ko, k3, ... , ky)
k1—1
+(1=g") ) g B H(ky —m ks + m ks, ... ,kn).

m=1
Subtracting (4.12) from (4.11), part (2) of the Lemma follows. |

Write now P; in terms of the Casselman basis { f,, }:
Py = Z S(kvw;X) fw-
weN

The coefficients S(k,w; x) are given by

S(k,w;x) = / Pi(w™ln)dn
No\N
= / o, (wlndy) dn
Ny \N
(413) = cw () ("8 ) (dh),
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where ¢,,()) is defined by equation (4.4) above.

In this case, unlike the nonsplit case, no two terms for different w contribute
the same rational function of the ;. Hence it suffices to determine B(f,,); the
value of B(FP}) is then obtained by symmetrization, using the functional equation
of Theorem 1.4. The value of B(fy,) is given by

LEMMA 4.3: Suppose |o,8| < ¢'/2. Then

B(fu,) = (1 — anBqY 2) -

1/2

Proof: Suppose |a,f| < ¢*/*. Since T normalizes U and fixes 05,

B(fur) = [ / Fuo (w0 (1) £(a) w) 05 ()~ A1 (a) du d*a.

Fx U
Suppose that won(1)t(a)u € BwoB. Then (t(a~!)n(1)t(a)) v € woBwoB. This
relation implies that v € U N K and that t(a~!)n(1)t(a) € K, hence |a|p > 1.
Thus

Blfo) = [ funwon(n)t(@) XM (o)d*a.
fa|lp>1

But

won(1) t(a) = wo t(a) (¢(a) "' n(1)t(a)),
and for |alp > 1 the last factor ¢t(a)"'n(1)t(a) is in B. Since f,, is right B-
invariant, this gives

Fuo (won(1)t(a)) = fu,(wot(a)wy " - wo)
= x6}3/2 (ta™).

Hence
B(fu,) =) ot g™/
m=0
-1
= (1 — onfig™Y 2) ,
as claimed. [ |

To conclude the proof of Theorem 1.6, observe that

B(k) = B,(P;) = f H(n(z)de) do.
@}
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By Theorem 1.4, this satisfies a functional equation under the action of {2 on the
;. Similarly to (4.10), (4.4) gives

(1 - esajg)(1 — ouajlq™) 1-a?q-!
o) =[] ! 11 .

(l—aiaj)(l —aiaj_l) l—aiz

1<i<j<n 1<i<n

Substituting this expression into (4.13) to obtain S(%,wo; x), and symmetrizing,
one obtains the pleasant formula

iy (1 — 0ifg™ ) (1 — if~1q™1/7)
H15i<j5n(1 — o)1 - O‘iaflq_l) H?=1(1 - C"?‘I_l)
— qekA—lx

=1

-1
A((l - anﬂ_lq—l/Z)al—kn—n H a;i,l:tz(l _ aiﬁq_l/z)(l . aiﬂ—lq-—l/2)> i

Then applying Lemma 4.2, one obtains without difficulty the expression for h(k)

given in Theorem 1.6. (Note that if k; = 0 then in fact one obtains the formula
R(0,ka,. ..  ky) = ¢ A7 x
n—1 R
A(a;l(l _ anﬂ—lq—l/Z) H a;'kn+1—i_"'“1+’(1 _ ai,Bq_l/z)(l _ aiﬂ_lq_l/z)).
=1

However, expanding the second factor, the term

n—1
— -1 - —kl 1o i—n—1+i _ 1 -
oz (—anB g [ o T T (1 - B (1 — i)
=1

is independent of a,, and hence its alternator is zero. Thus one is in fact left
with (1.18). A similar argument shows that (1.18) is equal to the formula in the
Theorem when k; = 0.)

This completes the proof of Theorem 1.6. [ |

5. Continuation of the Bessel functionals: The application of
Bernstein’s theorem

Bernstein [Be] gave a powerful new method for the meromorphic continuation of
functionals satisfying a suitable uniqueness property; in the case at hand, this

uniqueness is the uniqueness of the Bessel model, which, as we have already
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noted, was proved by Novodvorsky [No]. Bernstein’s result will appear as an
appendix to a book in progress of Cogdell and Piatetski-Shapiro; in the meantime,
a statement (but no proof) may be found in Gelbart and Piatetski-Shapiro [GP].
In this Section we will show that Bernstein’s theorem implies Theorem 1.7. We
assume familiarity with either [Be| or its paraphrase in [GP].

Let X = C>((Bn K)\K). Given the o;, we may identify X with V, by
extending an element ¥ € X uniquely to an element of ¥, € V. satisfying
(1.11). Let D = (C*)™*'. If (an,... ,0n,B) € D, we consider functionals B

which satisfy the following two conditions:

(1) B is a Bessel functional,

(2) B(®y) =1.
We claim that these conditions may be expressed by a polynomial system of
equations (in Bernstein’s sense) in the parameters (a;,... ,an, ). To see this,
note that if ¥ € X and (with the notation as in (1.10)) if t € T, u € U, then
there exist ¥; € X and polynomial functions f; (j = 1,...,N) of the ; and 8
such that 7(tu)¥y = 3 fj¥;,«. Thus (1.10) may be expressed by the polynomial

equation

N

> £iB(¥;) — 0s5(tu) B(¥) = 0.

j=1
It is also evident that condition (2) above is a polynomial equation. By Novod-
vorsky’s theorem, the solution, if it exists, is unique, and we have proved that
a solution exists on a non-empty open subset of D. Consequently Bernstein’s
theorem is applicable, yielding the meromorphic continuation of the functional

B in the sense made precise by Theorem 1.7. ]

6. Bessel periods of Eisenstein series

In this Section we present a global application of these formulas. (In fact, the
application makes use of only a particular case of them, namely the formula
(6.6) for the value of the local Bessel functional at the identity.) Accordingly,
we now let F be a global field and A be its ring of adeles. Let 7 = ®m, be a
cuspidal automorphic representation of GL(n, A). Let P be the standard maximal
parabolic subgroup of G = SO(2n + 1) with Levi factor GL(n). Denoting by ép

the modular character of P, let fs € IndgA(A) (r® 5;—1/ %) (normalized induction),
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and let

(6.1) E(g,s, fs) = Ls(m,2n(s -~ 1/2) + 1, V2) Z fs(v9)
YEPF\GF

be the Eisenstein series attached to f;. Here S is a finite set of places including the
archimedean ones and those where « is ramified, and Lg(m,s,V?) is the partial
symmetric square L-function, which is the normalizing factor of the Eisenstein
series. Let a, b and c be elements of F' such that b% + 2ac is not a square. Let Q
be the standard parabolic subgroup of G with Levi factor GL(1) x - - - x GL(1) x
SO(3), let U be the unipotent radical of @, and let ¢ be a nontrivial character of
A/F. Let 8 be the character of U(A) defined by (1.9). Then Q(A) acts on U(A)
and hence on its character group by conjugation; let R(A) be the subgroup of the
stabilizer consisting of elements whose projection to the Levi factor of Q(A) lies
in the embedded SO(3,A). We may naturally extend 6 to a character of R(A).
Then R(A) is the group of adelic points for an algebraic group R which is the
semidirect product of U with a one-dimensional torus T', which for simplicity we
are assuming nonsplit—this is our hypothesis that b% + 2ac is a nonsquare. In
this case, there exists a unique quadratic field extension K of F over which T
splits. Let n = ®mn, be the quadratic Hecke character of F' attached to K. In

this Section we will prove

THEOREM 6.1: The integral
(6.2) / E(r,s, fs) 0(r)dr
R{F)\R(A)
is an Euler product, whose local factor at a good place v equals
(6.3) L{n(s — 1/2) + 1/2,m,) L{n(s — 1/2) + 1/2,7, @ 7).

If n = 2 this result is essentially due to Bocherer [B5] and Mizumoto [Mi
(these authors consider holomorphic Siegel modular forms on PGSp, over Q, but
the unramified local computation is the same for general base field and infinity
type). The precise conditions to make v good are described below.

We turn to the proof of Theorem 6.1. Unfolding the integral, we see that (6.2)
equals

Ls(m2n(s —1/2) +1,v)) 3 /R . /R - fo(yur) 0(ur) du dr,
A \TA F A\t

YEPP\GF/RF
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where R denotes the algebraic group RN y~!Py. One may show that only the
open orbit in P\G/R contributes, and we may take the representative

Then YRYy~! = U’ is a maximal unipotent subgroup in GL(n), the Levi factor
of P, and the character yuy~! — 6(u) is nondegenerate; indeed, since b* + 2ac
is a nonsquare, a # 0. It follows that

fs(ug) 6(v™ uy) du

Wi(g) =/U, w

F

lies in Indg:(W,r ® 5;_1/ %), where W, is the Whittaker model of 7 (relative to

the appropriate character of its maximal unipotent group). Writing

Ind$A (Wr ® 65 /%) = Q) Ind i) (Wr o ® 85 /%)

as a restricted tensor product over all places v of F, where W, , is the local
Whittaker model of 7, there is no loss of generality in assuming that W,(g) is a
pure tensor; thus we write W,(g) = [], Ws,»(gv). The integral (6.2) thus equals

Ls(2n(s —1/2) +1,m, V2)/ . W (yr) 6(r) dr
RI\Ra

and hence is factorizable, with local factor

(6.4) L(2n(s —1/2) + 1,7, V?) W o (yr) 6(r) dr.
RY(Fu)\R(Fy)

We compute this local factor at a good place. More precisely, suppose that the
finite place v does not ramify in K. Then we compute (6.4) for any nonramified
principal series 7, with Satake parameters ay, ... , an, under the assumption that
W, is the unramified spherical vector in Indgg:;(w,(,v ® 6;,_1/ 2), normalized
so that W, ,(1) = 1. To carry out this computation we first make the further
assumption that |o;| < |ait+1]; the general case then follows by analytic continu-
ation. (Note that the assumption |o;| < |a;41] is unrealistic for a representation
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7, which is a local component of an automorphic representation 7, as this condi-
tion violates the Ramanujan conjecture.) According to the results of Casselman
and Shalika [CS], we may then write W ,(g) as

J,
I a- aiag'qul)‘I/ 3y " ug | 0(y" uy) du,
1<i<j<n U(F) I

where ¢, is the cardinality of the residue field at v, J,, is the n x n matrix with
ones on the sinister diagonal and zeros elsewhere, and @, , is the normalized
spherical vector in the representation denoted (in the notation of Section 1)
Ind(x1,..- ,Xn), Where x;(@;) = a; ¢~ ™~/2), Substituting this into (6.4), we
obtain precisely the integral (1.12) if the place v is inert in K, that is, if T is a
nonsplit torus in F,. If on the other hand the place v splits in K, we obtain the
integral (1.14). To see this, one must remember to conjugate the torus so as to
make it diagonal; and conjugating w; in this way produces won(1) as in (1.14).
One sees that, in either case, the local factor (6.4) is equal to

—1—2n(s— -1 _1 1yl
(6.5) H (1 — a;a; gyt 1/2)) H (1- a;a; lg7h) " Hy(1).
1<i<j<n 1<i<i<n

By Theorems 1.5 and 1.6, H,(1) = 1, so by Theorems 1.3 and 1.4 (with 8 =1,

and with o; ¢, n(s=1/2) replacing o),

(66) Hy1)= [] (1 - a0 q;1—2n(s—1/2)) (1 - asaylgs) x
1<i<j<n
InI 1+ 7o () qv—n(s—l/Z)—l/Z

Pl - q;n(s—1/2)—l/2 ’

where the quadratic character n,(w,) equals 1 if v splits in K, and —1 if v is
inert. Substituting this formula into (6.5) and simplifying, we obtain the local
factor (6.3) for v. |

APPENDIX
BY
MasaakIl FURUSAWA
The purpose of this appendix is to present another global application of the
explicit formulas obtained in the preceding paper. Namely we give a new Rankin—
Selberg integral of the L-function for SO(2n + 1) x GL{(n). In their recent re-
markable work, Ginzburg, Piatetski-Shapiro and Rallis [GPR] found ingenious
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integral representations for L-functions for O(V') x GL(n) for any quadratic space

V, any cusp form on O(V), and any n. But our construction is distinct from

theirs.
Let F be a global field. For a € F*, let (V,,¢) be a 2n + 2-dimensional
quadratic space over F' such that V, has a basis {e1,... ,en, fo, f1,€n,... ,€1}

(note the order) and, with respect to this basis, the symmetric matrix of ¢, is

(" =)

Here J,, denotes the n x n matrix with ones on the sinister diagonal, zeros else-
where. Let H, = SO(V,) and G = {g € H, | gf = f1} =~ SO(fi-)(= SO(2n+1))

where fi- denotes the space of vectors in V,, orthogonal to fi.

given by

k13

Let A be the ring of adeles of F. Let m be an irreducible cuspidal automorphic
representation of G(A) and V, be its space of automorphic forms. Let P be the
standard parabolic subgroup of H, preserving the isotropic subspace spanned by
e1,...,en. Then P has the Levi factor GL(n) x T, where T, = SO (1

Let o be an irreducible cuspidal automorphic representation of GL(n, A) and
it be a character of T, (F)\T, (A). Let fs € Indﬁ&ff‘ ) ((c ® | det|®) x u) (here

we employ the normalized induction) and let

—x

E(h,s,f) = Lis+ Lo ®@m(u))L(2s + 1,0,A%) - > fa(vh)
YEP(F)\Hq(F)
be the Eisenstein series attached to f,. Here n(u) denotes the Weil representa-
tion of GL(2,A) associated to u and L(s,a, A?) is the exterior square L-function
for o.
Then we consider the Rankin-Selberg integral given by

(A1) 2(s,4,f,) = /G oo 7105 19000 s

where ¢ € V.. In this appendix we will prove

THEOREM A: Suppose that the Bessel period determined by « and p does not
vanish identically on V. (The condition will be made precise as (A.5) below.)
Then the integral (A.1) is an Euler product and its local factor at a good place
v equals
L{s+ %,w,, ®0oy).
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We note that this is a generalization of the integral representation of the L-
function for GSp(4) x GL(2) given in Furusawa [Ful]. (Recall that PGSp(4) ~
SO(5).) The precise conditions for a place v to be good will be given right after
(A.6).

Let us turn to the proof of Theorem A. In order to unfold the integral (A.1),
we first need to know the double coset decomposition P(F)\H,(F)/G(F). Since
we may identify H,(F)/P(F) with the set of n-dimensional isotropic subspaces
in V,,, by an argument similar to the proof of Proposition 3.1.2 in Gelbart and
Piatetski-Shapiro [GP], we have

(A.2) Ho(F) = P(F)G(F) U P(F)¢G(F) (disjoint)

where ¢ is any element in H,(F) such that £~le; ¢ fi- for some i (1 <i < n).
By the cuspidality of 7, one sees immediately that the first double coset in (A.2)
does not contribute to Z(s, ¢, f5). To be explicit, we take

1n—l
1 0 0 0O
£ = 0 1 0 0O
-1 0 1 0
2 0 —-a 1
2 ln—l
Then we have
(A3) Z(s,¢,fs) = L(s + 1,0 @ m(u)) L(2s + 1,0, A%) / fs(€g)#(9) dg
GE(F)\G(A)

where G denotes the algebraic group G N ¢~1P¢.
Since G¢ stabilizes the intersection of the space spanned by

6_161 =€1y... ,E_len—l = en—laf—len

and fii, the group G¢ is contained in the maximal parabolic subgroup @ of G
which stabilizes the space spanned by e;,...,e,—1. Let N be the unipotent
radical of QQ and

()

where a* = J,_1ta"1J,_;. It is clear that G¢ contains M; and N.

a € GL{n — 1)}
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LEMMA A.1: We have
G¢ =TMN

1n——1
Tz{( h ))hESO(3), hvo——-vg}
]-n—l

andvg =¢ e, — f1 = en + Sén.

where

ln—l
Proof: From the remark above, it is enough to show that ( h ) (h e
ln—l
SO(3)) belongs to G if and only if hvy = vy.
ln—l
Suppose ( h € G¢. Let V' be the space spanned by e, fo, f1,én.

Then we may regarld ;z, & € SO(V'). Since h(¢'e,) is in the intersection of
V' and the space spanned by £ le; = eq,...,& lep1 = en_1,£ e, we have
h(¢‘e,) = at e, where a is a scalar. Thus hvg = h(¢ " le, — f1) = a le, —
fi = avg + (a — 1) f1. Since vy, hvg € fi, we have a = 1 and hvg = vy.

The converse is clear. [ |

Let Uy, be the group of upper triangular unipotent matrices in GL{m) for a
positive integer m and 9 be a nontrivial character of F\A. Then we define a
character ¥ of Up,(F)\Un,(A) by

P(u) =P(ur2 +u23 + - + Um—1,m)-

By the cuspidality of o, we have a Fourier expansion

(")
1
fs(h): Z w 1z N h:fs
¥€Un—1(F)\GL(n—1,F) <7 )
1

where A* = J,tA~1J, and

U
W(h, fs) = / fs 1, k| () du.
Un(F)\Un(A) u*

Hence (A.3) becomes

Z(s,¢,fs) = L(s + 1,0 ®7(u))L(2s + 1,0,A%) /R . W (&g, f5)8(g) dg
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where R = TU,_,N.

Since £ commutes with @ (u € U,,_1(A)), we have
W (Eah, fs) = $(u) "' W (Eh, f).

In.1 4 B
For n = ( 13 C ) € N(A), we have

111—1
<1n—1 AU0> * *

1
fng ! = 1, *
11 Av )"
1

Thus
W(énh, f) =¥ (an-11+ Ean 13)W(Eh, fs).
1, & %
For t € T(A), £t€~1 is of the form ( ta *) where t, € T,. Let A be the
1.

character of T'(A) defined by A(t) = u~!(t,). Then we have

W (Eth, fs) = AT (OW (Eh, fs).

Let S = (1,0,%2) and U = U,_1 N. We define a character 65 of U(A) as in (1.9)
and extend it to a character of R(A) by 05(tu) = A(t)8s(u). Then we have
(A.4)

Z(s,¢,fs) = L(s + 1,0 @ w(p))L(2s + 1,0, /\2)/ W (&g, fs)By(g) dg

R(ANG(4)

where

By(g) = / ¢(rg)05’ (r) dr.
R(F)\R(A)

Now our principal assumption on 7 is that
(A.5) By #0 for some ¢ € V.

It is clear that W (h, f,) lies in Indg&f)A ) (W, ® | det |*) x p), where W, is the
Whittaker model of o relative to 4~!. Since

H [+
Ind 57 (o © det|”) x 1) = @ Ind i T (W [ det 1) o)
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as a restricted tensor product over all places v of F, where W, , is the local
Whittaker model of o,, there is no loss of generality in assuming that W(h, f;) is
a pure tensor. Thus we write W(h, f,) = [[, Wsv(hy). Similarly since By, € By,
where B, is the Bessel model of 7 with respect to the character 8g, we may
assume that By(g) = [[, Bu(9v), where B, is in B, ,, the space of the local
Bessel model of 7,,. Hence the integral (A.4) is factorizable with local factor
(A.6)

Zy(s) = L(s + 1,00 ® my (1)) L(25 + 1,04, A?) / Ws.»(£9)Bu(9) dg.
R(F,)\G(

We compute this local factor at a good place v. More precisely, suppose that the
finite place v does not ramify in F'(y/a) and § is a unit in Oy, the ring of integers
in F,. Then we compute (A.6) for unramified principal series representations
Ty, 0, and an unramified character p,, under the assumption that W, ,, and B,

are the spherical vectors normalized so that W, ,(1) =1 and B,(1) =1

Let & = (¢1,...,¢,) be a vector of integers. We say that ¢ is dominant when
0 >0y > ... >4, > 0. We define @3, a diagonal element in G(F,), b
& = diag(w?, @wh,... ,wh 1w, ... o b wrh)

where t, is a prime element of F,. We also denote by @?, a diagonal element in
GL,(F,), diag(w?,@’,... ,@wi), when there is no fear of confusion.
Then by a s1m11ar argument as in (3.4-5) of Furusawa [Ful], using the Iwasawa

decomposition and the Cartan decomposition, we have

Zy(8) = L(s + 1,0, ® Ty (140)) L(25 + 1, 04, /\2)
Pl e(2n41-20)
TEED S Wi (02 By ()

5=(£1:-~ ’en—l,o)

dominant
« _ i(2n4-1-2¢)
ra-(9ah Y @ Weo(5) B (1))
(81,
dor:nnant)
2 >0

where ¢, denotes the cardinality of the finite field 0, /w,0, and

a 1 ifae (FX)?,
(Z) - { -1 ifa Z (FX)2.

Since a1
—(s4+ = "oy
Ws’,u (wg) — qv ( + 2 )Et:l W:)’(wg)
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for § = (41,...,¢,) dominant,where W7 is the spherical Whittaker function in
W, such that W2 (1) = 1, we have
(A7) Zy(s) = L(s + 1,0, ® my (1)) L(25 + 1,0, A%)

R A D)
(Y e T e (o) ()
§=(£1,... £r-1,0)

dominant
a\ _ T og(—s+3BE 25
r0- (B ¥ @t s @),
§=(Ll1,... fn)
dominant
£,>0

o

Here we note that when (2) = 1, i.e., the torus T is split, by conjugating the
torus so as to make it diagonal, we replace B,(w?) by B,(n(1)w’) where n(1) is
the element in G(F,,) defined in Section 1 of the preceding paper.

We compute (A.7) closely following the similar computation in Section 5 of
Bump, Friedberg and Ginzburg [BFG]. First we need some notations. Let t,
(resp. to,) denote a representative of the semi-simple conjugacy class in LGe =
Sp(2n,C) (resp. GL(n,C)) associated to m, (resp. o,). We specifically take

trn = diag{o,... ,an,al_l, e ,a;l), t5» = diag{y1,... ,n)-

The Weyl groups of Sp(2n) and GL(n) act on Clef?,... ,at! and Cly,... ,7ml,
respectively. We denote by A and B the alternators in the respective group

algebras. We regard A and B as commuting operators on
C[ail:l" . ,a;‘t'l] ®C[’Yl)' . ”Y’n]'

Then we recall that by the Shintani, Kato, Casselman—Shalika formula (cf.
[CS)) for the Whittaker function for GL(n), for § = (£,... ,£,) dominant, we

have
l. +1-21

where x?L(") denotes the character of the irreducible finite dimensional holo-
morphic representation of GL(n,C) whose highest weight is §. Then the Weyl
character formula says that

£1+n—-1 £g+n 2

GL(n
u )( to, )= GL(n)B(’Y Y2 ’Yﬁ")

Xs
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n—1_n—2

where Agrn) = B(yy ™ 72" Yn-1)-
Similarly the Weyl character formula for Sp(2n,C) implies that

Sp(2 - I3 Lytn— n
Xsp( n)(tvr,v) = ASpl(2n)‘A(all+na22+" T af, )

where XJSP(Z“} denotes the character of the irreducible finite dimensional holo-
morphic representation of Sp(2n,C) whose highest weight is § and Agpen) =
A(ofal™! - ay). (Here we note that Agyn) = (—1)"A where A is the one

used in the preceding paper.)
Then as stated as (A.1.3) in the appendix to [GP], we have an identity

Z tr(Sym*(ts,p ® tr ) X' = (z tr Sym? (A%t,,,)X%) - D(a,7; X)

i=0 3=0
where
GL. S e
D(e, 1, X) = Z Xs (n)(ta,v)Xép(zn)(tr,v)Xll+£2+ the,
8=(1,... )
dominant

Thus by invoking the explicit formulas obtained in the preceding paper, our task

is to prove that

(A8) D(o,y;X)[J(1- vifay 2 X)(1 - %p'gr 1 X) =

i=1
~1 A=l ylitlaeta,
Y. AcimBsemX
6=(l1 yorr ,E,.-; ,0)

dominant
n—1
) - -1 . —%
'~AB(a11]'a":"—1 R an'Y;'—l’Y;_z *tYn-1 H(ai')’i)t'(l_ai lﬁqu : )(l_a,' 1,3 IQV 2 ))
=1
-1 -1 Ly +La+-+Ly
+ Y AoLmAsen Xt
5=(Ly,... Ln)
dominant
4,>0

n -k -
AB(opaj ™ any? M g [T (@) (1 — o) By F)(1 - af 187 1g0 *)

i=1
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for the split case (here 8 = u,(w,)) and that

n
(A9) D(oyy; X)[[(1 -7 X% =

i=1
- - Gttty
Y AdimAsenX "
§=(£1,r n-1,0)

dominant
-AB(efay ™t T T TR et H(ai%‘)e‘ - a; %)
=1
- £ +l +"'+ln.
Y AmAsen X
§=(t1,-.- ,€n)
dominant

n
CAB(@ay T TR e H(ai')'i)ei - a;%¢, ")

—s—1
for the nonsplit case, where X = g, 7z,

Let us prove {A.8). First we note that

n
_1 _
D(a,v; X) H(l - %ifqw * X) = Z AGL(n)ASp(2n)X&+82+ o
i=1 8=(L1,-. ,&n)
dominant

n
FAB(afog ™ an T TR o [ [ (i) B (1 - 07 B ).

Since this is proved exactly in the same way as (5.5) in [BFG], we omit the proof.
Then what we have to prove is that

n
. 1 _
(A.lO) H(l — %0 lqv 2X) Z AGL(n)ASp(zn)Xh-Hﬂ. +£,
i=1 §=(l1, 1ln)
dominant

n
-1
- AB(afag ™t an P T yne [ Jlaim) (1 - 0 B )

equals the right hand side of (A.8). Since []—,(1 - 18 qu 2X ) is symmetric,
it commutes with the alternator B. Thus (A.10) is written as

(A1) ) Z Ay Dspiam X T+ 40
6=(£1,... £n) SC{L,...,n}
dominant

AB(T] (-rpar EX0lgag a2 g Tl (eene(r - a0 )
] i=
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Let xs be the characteristic function of S. Then by replacing &; by £; — xs(7),

(A.11) is rewritten as

- - GHlottln
(A-12) Z Z AGLnyBspan X 11
SCA,... ,m} 5= (Er )
£;—xs(1)2Lip1—xs(i+1) (1<i<n—-1)
€ 2xs(n)
L -1
AB([HS(-a—lﬁ v 2)}a1 a3l an P INE T sy [ (aam) B (1 - o By 2)).
Jj€E 3=1

Suppose that ¢ € S and i+1 ¢ S. Then the condition in the above summation
is £; > £;11. But when ¢; = {;y;, the argument of AB is invariant under the
interchange of a; and a;y;. Hence A annihilates it and we may replace the
condition £; > £;,1 by the condition ¢; > £;1; in the above summation.

Now let us suppose that ¢ ¢ S and i+ 1 € S. Then the condition in the above
summation becomes ¢; > £,y — 1. But when ¢; = £;;; — 1, the argument of AB
has the same exponent for «; and «;4+;. Since B annihilates any monomial with a
repeated exponent, we may replace the condition 4; > ¢;11 — 1 by the condition
b 2>l

Thus (A.12) is rewritten as

(A13) Z Z GL(n) AS—p(Zn)X& +ea+ Al
S’g{l,...,n—l} 6:(!1,...,[,._1,0)
dominant
kil _1
-AB([H].GS,(—aJ._Iﬁ_lq,, ]a an . O‘n')';l 17; -2, *Tn-1 Ul(ai'ﬁ)t'-(l _ai‘lﬂ‘h )
- [ P8 ST 2
+ ) Z AGL(")ASP(Z")X o
SC{1,...,n} 6=(&y,...
dommant
£,>0
- n _i
AB([T] (-a; 87 gy Blapan=1.  an? 192 s [T (eem)(1 - a7 0y 1)),
j€S =1

Thus by interchanging the order of summation and noting that .4 annihilates any
monomial whose exponent of a,, is 0, we see that (A.13) equals the right hand
side of (A.8).

For the nonsplit case, (A.9) is proved exactly in the same way, by
rewntmg 1 - v 1X? and 1-o7%g" as (1 - 'yiq;_%X)(l + 'y,-q;%X) and
(1-0"qy )(1 +a; g, ), respectively. ]
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